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A ﬁnite group G is said to be a PST -group if every subnormal subgroup of G
permutes with every Sylow subgroup of G. We shall discuss the normal structure of
soluble PST -groups, mainly deﬁning a local version of this concept. A deep study of
the local structure turns out to be crucial for obtaining information about the global
property. Moreover, a new approach to soluble PT -groups, i.e., soluble groups in
which permutability is a transitive relation, follows naturally from our vision of PST -
groups. Our techniques and results provide a uniﬁed point of view for T -groups,
PT -groups, and PST -groups in the soluble universe, showing that the difference
between these classes is quite simply their Sylow structure. © 2001 Academic Press
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1. INTRODUCTION AND BASIC DEFINITIONS
All the groups considered in this paper are ﬁnite.
A group G is said to be a T -group if every subnormal subgroup of G is
normal in G, that is, if normality is a transitive relation. The study of this
class of groups has undoubtedly constituted a fruitful topic in group theory,
due to the efforts of many leading mathematicians. The classical works by
Gaschu¨tz [6] and Robinson [9], for instance, enable a very detailed picture
of such groups to be given.
It is clear from the deﬁnition that a nilpotent group G is a T -group if
and only if every subgroup of G is normal in G; that is, if G is a Dedekind
group.
More widely, if we decide to turn toward the soluble universe, it is
possible to reach striking results about the structure of T -groups, as the
next theorem, by Gaschu¨tz [6], shows.
Theorem 1 [6]. If G is a soluble group, then G is a T -group if and only
if G has an abelian normal Hall subgroup L of odd order such that G/L is a
Dedekind group and the elements of G induce power automorphisms in L.
As a straightforward consequence of this theorem we have that the class
of soluble T -groups is subgroup-closed.
The following deﬁnition will be used extensively throughout the whole
paper.
Deﬁnition. Let G be a group and p a prime. We say that G is a
∗p-group if it is p-supersoluble and all its p-chief factors form a single
isomorphism class of G-modules.
Recall that a p-supersoluble group is a p-soluble group in which the
p-chief factors are all of order p. Therefore the class ∗p is a subgroup-
closed homomorph for every prime p.
Quite recently, Bryce and Cossey [4] have obtained an alternative
approach to the class of soluble T -groups, in terms of the following results:
Theorem 2 [4]. Let G be a soluble group and let p be a prime. Then
every subnormal p′-perfect subgroup of G is normal in G if and only if G
satisﬁes the following two conditions:
(a) G is a ∗p-group.
(b) The Sylow p-subgroups of G are T -groups.
Corollary 1 [4]. A soluble group G is a T -group if and only if it satisﬁes
the following two conditions:
(a) G is a ∗p-group for every prime p.
(b) The Sylow subgroups of G are T -groups.
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The essence of these two results will pervade all our work. They show
that the role of the class ∗p is somehow connected with the behaviour of
the subnormal subgroups of a group.
We have put our efforts into obtaining a satisfactory characterization of
the class ∗p in the soluble universe. This purpose has naturally led us to the
study of the links between subnormality and permutability. Both the classes
∗p for a single prime p and the class ∩p∈∗p are characterized in this
paper, making us aware of their strong relationship with the permutable
performance of the subnormal subgroups in a soluble group.
The elemental deﬁnition of T -groups can be generalized in many
different ways, originating thus the raising of a wide repertory of group
classes. Some of these extensions have been studied deeply, as others
remain surprisingly unexplored.
Probably one of the most natural ways to go beyond T -groups could be
started as follows.
Deﬁnition. We say that H ≤ G is a permutable or quasinormal
subgroup of G, and we write H per G provided that HK is a subgroup of
G for every K ≤ G.
It is clear that every normal subgroup of G is a permutable subgroup of
G as well. Unfortunately, permutability, like normality, is not a transitive
relation. Therefore, the following deﬁnition makes sense.
Deﬁnition. We say that a group G is a PT -group if for subgroups H
and K such that H is permutable in K and K is permutable in G, it is
always true that H is permutable in G.
It is well known (see [7, Theorem 7.2.1]) that every permutable subgroup
of G is subnormal in G. Consequently, it is easy to show that PT -groups
are exactly those groups in which subnormality and permutability coincide.
Therefore, every T -group is in fact a PT -group, because permutability is
weaker than normality. However, the converse statement is false, as we can
see in [12, p. 55].
In [13], Zacher determined the structure of soluble PT -groups in a
manner corresponding to Gaschu¨tz’s [6] characterization of T -groups.
Theorem 3 [13]. If G is a soluble group, then G is a PT -group if and
only if G has an abelian normal Hall subgroup L of odd order such that G/L
is a nilpotent modular group and the elements of G induce power automor-
phisms in L.
As a straightforward consequence of this theorem, one can state that the
class of soluble PT -groups is subgroup-closed.
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More recently, in [3], Beidleman et al. have obtained remarkable results
on the structure of soluble PT -groups in terms of their Sylow structure.
Following their notation, we write a
Deﬁnition. We say that a group G satisﬁes the property p if each
subgroup of every Sylow p-subgroup P of G is permutable in NGP.
Theorem 4 [3]. A group G is a soluble PT -group if and only if it satisﬁes
the property p for all primes p.
However, the way starting with T -groups and leading us to the concept
of PT -groups does not die there. One wonders what would happen if we
did not require that every subnormal subgroup of a group G permutes with
any other subgroup of G, but only with a certain family of its subgroups. In
this direction, those groups in which every Sylow p-subgroup of G for each
prime p permutes with every subnormal subgroup of G have sometimes
been called T ∗-groups (see [2]) or (π − q)-groups (see [1]). Nevertheless,
we will use the more convenient expression “PST -groups” for them. This
was ﬁrst used in [10].
Clearly, every PT -group is a PST -group, but the converse does not hold.
Probably the main consequence of the present work is that we have
been able to provide a unifying point of view for the classes of PST - and
PT -groups, which matches in a harmonius manner with the theorem of
Bryce and Cossey [4] quoted above. The classes ∗p for a single prime p
and
⋂
p∈ ∗p are the keys which open the gate to this approach.
More precisely, we have obtained characterizations of the class of
soluble PST -groups. We have noted that the difference between soluble
PST -groups and soluble PT -groups is quite simply their Sylow structure. It
is possible to establish using this point of view a new approach to soluble
PT -groups. A new characterization of this class of groups is given in
Section 4.
Throughout all our work, obtaining local versions of soluble PT -groups
and soluble PST -groups has been our main focus. In Sections 2 and 3 some
nice local results have been proved.
All groups considered in the following are soluble.
2. PSTp-GROUPS
We recall that a group G is called a PST -group if every subnormal
subgroup of G permutes with every Sylow p-subgroup of G, for each prime
p. In this section we shall study a local version of PST -groups which allows
us to obtain a characterization of the whole class.
We start with the following deﬁnition.
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Deﬁnition. Let p be a prime number. We say that a group G is a
PSTp-group if every subnormal p′-perfect subgroup of G permutes with
every Hall p′-subgroup of G.
Lemma 1. Let p be a prime, and let G be a p-supersoluble group. If
Op′ G = 1, then the derived subgroup G′ of G is a p-group. In particular, G
has a unique Sylow p-subgroup.
Proof. Let P be a Sylow p-subgroup of G. We shall show that G′ is
contained in P .
Let H/K be a p-chief factor of G. Clearly, we have that H/K has
dimension one as a GFp-module, since G is a p-supersoluble group.
Hence the factor group G/CGH/K is isomorphic to a subgroup of
GL1 p = GFp. Therefore, G/CGH/K is an abelian group of expo-
nent dividing p − 1, and thus the derived subgroup G′ of G is contained
in CGH/K. This argument holds for every p-chief factor of G, and
hence G′ is in fact contained in Op′pG = OpG = FG. Consequently,
G′ ≤ P , and therefore P is a normal subgroup of G.
Lemma 2. Let G be a PSTp-group and let N be a normal subgroup of G.
Then G/N is also a PSTp-group.
Proof. Let S/N be a subnormal p′-perfect subgroup of G/N . It is clear
that Op
′ SN/N = S/N . It follows that Op′ S is a subnormal subgroup
of G, and it is obviously p′-perfect. Therefore it permutes with every
Hall p′-subgroup of G, and hence Op
′ SN/N permutes with every Hall
p′-subgroup of G/N , as we wanted to show.
Beidleman et al. introduced in [3] the following property.
Deﬁnition. Given a prime p and a group G, we say that G satisﬁes
the property Hp if every normal subgroup of every Sylow p-subgroup of G
is pronormal in G.
They proved (see [3, Theorems A and D]) that a group G is a soluble
PT -group if and only if every Sylow subgroup of G is modular and G
satisﬁes the property Hp for every prime p.
It might seem natural to wonder whether a soluble group G is a
PST -group if and only if G satisﬁes property Hp for every prime p.
Unfortunately, the answer is negative, as the following example shows.
Example. Let 
a be a cyclic group of order 2, and let V be a one-
dimensional irreducible and faithful 
a-module over the ﬁeld of seven ele-
ments. We write V = 
v. Clearly va = −v. We consider now the tensor
product V ⊗ V , whose basis consists in the single element v ⊗ v. Since
v ⊗ va = va ⊗ va = −v ⊗ −v = v ⊗ v, we have that V ⊗ V is the
trivial 
a-module.
710 alejandre, ballester-bolinches, and pedraza-aguilera
We take now the associated Hartley group, P = HV V . Thus P is
a 7-group such that P/P ∼= V ⊕ V and ZP = P = P ′ ∼= V ⊗
V . Finally, let G be the corresponding semidirect product, G = P
a,
a 2-nilpotent group. It is known (see [5, B, 12.11]) that there exist two

a-invariant subgroups P1 and P2 of P , such that P1 ∩P = P2 ∩P =
1, P1 P2 = P, and PiG/G ∼=
a V for i = 1 2. Hence Pi = 7
for i = 1 2. Assume Pi = 
xi. Using the above-mentioned properties of
the subgroups P1 and P2, it is not difﬁcult to prove that the subgroup
H = 
x1x2 of P is not 
a-invariant. Therefore H does not permute with
the subgroup 
a, since otherwise H
a would be a 2-nilpotent group and
consequently H would be an 
a-invariant subgroup of P , a contradiction.
However, H is a subnormal subgroup of G. Thus G cannot be a PST -group.
But note that G satisﬁes the property H2, and it is not difﬁcult to prove
that G satisﬁes the property H7 as well; if we take P0 to be a nontrivial
normal subgroup of P , then P0 ∩ ZP = 1 and hence P ′ = ZP ≤ P0.
Since P0 is subnormal in G, and we have that P0/P ′ is subnormal in G/P ′.
We can state, by applying [4, Theorem 2.3] to the group G/P ′, that P0/P ′
is a normal subgroup of G/P ′. We conclude that P0 is a normal subgroup
of G, and therefore that G satisﬁes H7.
However, we shall obtain a satisfactory characterization of soluble
PSTp-groups later. We shall show that PSTp-groups are exactly those
groups all of whose subgroups satisfy property Hp. Moreover, we shall
obtain that this class of groups coincides with the class ∗p deﬁned above.
These characterizations are proved in the next two theorems.
Theorem 5. Let G be a group and p a prime number. Then G is a
∗p-group if and only if every subgroup of G satisﬁes the property Hp.
Proof. First we prove that every subgroup of a ∗p-group satisﬁes the
property Hp. Let G be a ∗p-group. Working by induction on G, it will be
enough to verify that G itself satisﬁes the property Hp, since the class of
∗p-groups is subgroup-closed.
We shall split this part of the proof into two cases, depending on whether
Op′ G is trivial or not.
In the ﬁrst of the cases, if Op′ G = 1 it follows that G/Op′ G satisﬁes
the property Hp. Let P be a Sylow p-subgroup of G and let X be a
normal subgroup of P . Note that G/Op′ G is a p-supersoluble group
such that Op′ G/Op′ G = 1. Hence, applying Lemma 1 we can say that
POp′ G/Op′ G is a normal subgroup of G/Op′ G. Consequently, we
have that XOp′ G/Op′ G is a subnormal subgroup of G/Op′ G. But it is
also pronormal in G/Op′ G, because this quotient group satisﬁes the prop-
erty Hp by induction. We can conclude that XOp′ G is a normal subgroup
of G. Since X is a Sylow p-subgroup of XOp′ G, then we have that X is
pronormal in G, as we wanted to see.
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Therefore we can assume that Op′ G = 1. Again using Lemma 1, it is
clear that G has a unique Sylow p-subgroup P .
If P were abelian, then every subgroup of P would be pronormal in
NGP = G by [4, Theorem 2.3]. In particular, G would satisfy the property
Hp. Therefore we may assume that P is a non-abelian group.
Note that if P = 1, then it would also be true that P ′ = 1 and
therefore P would be abelian, a contradiction. Thus P = 1. Since P is a
normal subgroup ofG, it is clear that PG. Let N be a minimal normal
subgroup of G contained in P. Clearly, G/N satisﬁes the hypotheses of
the theorem, and hence it satisﬁes Hp as well, by induction. Let X be any
normal subgroup of P . Since PN/N is a Sylow p-subgroup of G/N , it fol-
lows that XN/N is pronormal in G/N . But it is also subnormal in G/N
and consequently XN is a normal subgroup of G.
Let Gp′ be a Hall p′-subgroup of G, and write T = XNGp′ . Note that
X is a normal subgroup of XN , which is a Sylow p-subgroup of T . If T
were a proper subgroup of G, then T would satisfy Hp and therefore X
would be both pronormal and subnormal in T . Hence X would be normal
in T , and since Gp′ ≤ T then X would be normal in G, a contradiction.
Consequently we can assume that T = G. But in such a case we would
have XN = P , and since N ≤ P it would be true that P = X and X is
pronormal in G.
We shall prove now the converse statement, that is, that every soluble
group all of whose subgroups satisfy property Hp is necessarily a ∗p-group.
Let G be such a group. First we shall see that G must be p-supersoluble.
An induction argument would allow us to state that whenever we take a
proper normal subgroup N of G we would have that G/N would be a
p-supersoluble group.
If G itself is not p-supersoluble, we would have that G is a primitive
group. Hence we can write G = NM , where N is a minimal normal
subgroup of G and M is p-supersoluble. Clearly N must be a p-group,
and we have N contained in a Sylow p-subgroup P of G. But then if we
take a minimal normal subgroup N0 of P properly contained in N , we
have that N0 is subnormal in G. But it is also pronormal in G because
G satisﬁes the property Hp, and hence N0 is normal in G, leading us to a
contradiction because N is a minimal normal subgroup of G. Consequently,
N is a minimal normal subgroup of P , which is nilpotent, and hence N ∼=
Cp. We conclude that G is p-supersoluble, a contradiction.
Therefore the only thing we have to prove is that the p-chief factors of
G, regarded as modules for G, form a single isomorphism class.
Arguing by induction, we can assume that Op′ G is trivial, as
otherwise we would have that p-chief factors of G/Op′ G would be
G/Op′ G-isomorphic, and we could easily conclude the same statement
about G. Hence we can write FG = OpG.
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Applying Lemma 1, we have that FG = P is a Sylow p-subgroup of G
containing G′. Clearly every normal subgroup of P is subnormal in G, and
in addition it is pronormal in G since G satisﬁes Hp. Hence we can say that
every normal subgroup of P is normal in G as well.
Let us compute the action of G on two p-chief factors. On one hand, if
there exist N1 = 
n1 and N2 = 
n2 minimal normal subgroups of G we
have that on1 = on2 = p and that they are both contained in P . Then,
given an element g ∈ G, we can write
n
g
1 = nλg1  ng2 = nβg2
for some integers λg and βg, because g acts as a power automorphism
on them.
Since N1 and N2 are both minimal normal subgroups of P , it is clear that
P centralizes them. The cyclic group 
n1n2 is contained in P , and therefore

n1n2 is a normal subgroup of G.





2 = nλg1 nβg2 and n1n2g = nαg1 nαg2 . Since N1 ∩ N2 = 1, it is true
that λg = αg = βg and therefore g acts in the same way on n1 and
on n2. Thus we can conclude that N1 and N2 are G-isomorphic. Since by
induction the p-chief factors of G above N1 are G-isomorphic, it follows
that all the p-chief factors of G are G-isomorphic.
We can assume, in consequence, that there exists precisely one minimal
normal subgroup of G, which is contained in P . Moreover, we have that
N is contained in G, since otherwise G would be a primitive group
G = NM with FG = N and P = N . Therefore M would be a p′-group
and the theorem would follow at once.
Weconsidernowthe factorgroupFG/G.WecanwriteFG/G =
N1/G ×N2/G × · · · ×Nr/G, where allNi/G areminimal nor-
mal subgroups ofG/G and Ni/G = p (see [5]). In the case r = 1 we
deﬁne S to be exactlyG; if r > 1 we take S = N2 · · ·Nr . In either of these
cases S is a normal subgroup of FG such that FG/S is a cyclic group of
orderp. Note that S is in fact a normal subgroup ofG.
Let nowH be a Hall p′-subgroup ofG. Since S is not a Sylow p-subgroup
of G, it is clear that SH is a proper subgroup of G. We denote T = SH.
Note that T satisﬁes Hp and therefore, arguing as above, we have that every
normal subgroup of S is normal in T as well. Moreover, using induction we
can assume that T is a ∗p-group and hence we have that all p-chief factors
of T are T -isomorphic.
Note that every p-chief factor of G under T is in fact a p-chief factor of
T , since it is centralized by FG.
If N , the unique minimal normal subgroup of G, were properly contained
in S, then we could take a subgroup A of T such that N < A ≤ S and A/N
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is a p-chief factor of G. But due to the previous comment we can see it as
a p-chief factor of T , and hence A/N is T -isomorphic to N . Finally, since
FG is a p-group, it centralizes this chief factor and we have that A/N is
G-isomorphic to N . But an induction argument would sufﬁce to state that
A/N isG-isomorphic to Ni/G for i = 1 $ $ $  r and thus N ∼=G Ni/G
for all i (note that N is contained in G).
In consequence, we can assume that N = S. Therefore FG/N has
order p, and thus FG has order p2. This implies that FG is abelian.
Consequently, every subgroup of P is normal in P , and hence in G as
well, due to the above comments. This argument sufﬁces to state that any
element g of G acts on P as a power automorphism. Thus, applying [8,
Theorem 13.4.3 (ii)], given g ∈ G there exists a natural number m such that
ag = am for every a ∈ P . Consequently, if A/K = 
aK and B/L = 
bL
are two p-chief factors ofG, then aKg = agK = amK and bLg = bgL =
bmL, and consequently these two p-chief factors are G-isomorphic.
Our next result completes the description of soluble PSTp-groups.
Theorem 6. Let p be a prime. A group G is a ∗p-group if and only if G
is a PSTp-group.
Proof. The ﬁrst part of the proof will consist in checking that if G is a
soluble PSTp-group, then G is p-supersoluble and its p-chief factors are all
isomorphic-regarded as modules for G.
First we shall prove that G is a p-supersoluble group. Arguing by
induction, we have that G is a primitive group. We write G = NM ,
where N is a q-group for some prime q. If q = p, then the result holds by
induction on G. Hence we can assume that N is a p-group. We will be
done if we prove that N is a cyclic group.
Clearly every subgroup of N is subnormal in G, and since N is a p-group,
N itself and all its subgroups are p′-perfect. Consequently every subgroup
of N permutes with every Hall p′-subgroup of G.
Let Mp′ be a Hall p′-subgroup of G, and let N0 be a subgroup of N .
Clearly N0 = N0Mp′ ∩ N is a normal subgroup of N0Mp′ , and therefore
Mp′ normalizes N0.
But given a Sylow p-subgroup P of G, then N ≤ P and hence N ∩
ZP = 1. The previous argument implies that N ∩ ZP is a nontrivial
normal subgroup of G, and then N ∩ ZP = N . Therefore P centralizes
N , and in particular N0 is a normal subgroup of G. We conclude that N
must be a cyclic group, as we wanted to show.
We should prove now that p-chief factors of G form a single isomorphism
class of G-modules. The proof of this statement can be done just by
repeating the arguments used in the proof of Theorem 5. Only on some
points do we have to do some extra work. We shall use the same notation
employed there.
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The ﬁrst of these delicate points is when we want to see that, given
two minimal normal subgroups N1 = 
n1 and N2 = 
n2 of G contained
in P , we have that 
n1n2 is a normal subgroup of G. It is clear that P
centralizes both N1 and N2. Let H be any Hall p′-subgroup of G. The
cyclic group 
n1n2 is a subnormal subgroup of P and hence of G as well.
But 
n1n2 is obviously p′-perfect, and therefore 
n1n2H is a subgroup of
G. Clearly 
n1n2 = 
n1n2H ∩ P is a normal subgroup of 
n1n2H and
hence H normalizes 
n1n2. We conclude that 
n1n2 is a normal subgroup
of G.
The second point that requires some attention is when we want to prove
that all p-chief factors of T are T -isomorphic. To see this, we show ﬁrst that
every subnormal p′-perfect subgroup of T is in fact a subnormal subgroup
of G. Let X be such a subgroup. Clearly XS/S is again a p′-perfect
subnormal subgroup of T/S. But T/S is a p′-group, and therefore XS = S.
It follows that X is contained in S and thus X is a subnormal subgroup of
G, as we wanted to show. Note that every Hall p′-subgroup of T is a Hall
p′-subgroup of G as well. Consequently, since we have seen that every
subnormal p′-perfect subgroup of T is a subnormal subgroup of the whole
group G, it follows that T is a PSTp-group. Arguing by induction, we can
assume that all p-chief factors of T are T -isomorphic.
Finally, the last one is when we state that any element g of G acts on
P as a power automorphism. This is not difﬁcult to see, since given any
subgroup R of P and any Hall p′-subgroup H of G, our assumptions imply
that R permutes with H. But then R = RH ∩ P is a normal subgroup of
RH and therefore H normalizes R. Moreover, since P is abelian, then P
centralizes R. Thus any such R is a normal subgroup of G.
Therefore only the sufﬁciency of the condition ∗p is now in doubt. We
shall split the proof into two cases, depending on whether Op′ G is trivial
or not.
In the ﬁrst place, let us assume that Op′ G = 1. Applying Lemma 1,
we can take P to be the unique Sylow p-subgroup of G. It is easy to see
in these conditions that every subnormal p′-perfect subgroup of G is a
p-group.
Take now a subnormal p′-perfect subgroup H of G. We will be done
if we prove that H permutes with every Hall p′-subgroup of G. We have
that H is a p-group, and hence H ≤ P . If H coincides with P , then H
is normal in G. Thus we can assume that H < P . Let M be a maximal
subgroup of P containing H. Clearly M is a normal subgroup of P , and
hence M is a subnormal subgroup of G. Since G is a ∗p-group, Theorem 5
implies that G satisﬁes property Hp. Therefore M is a pronormal subgroup
of G. We conclude that in fact M is a normal subgroup of G. Let Gp′
be a Hall p′-subgroup of G. The product MGp′ must be a proper sub-
group of G, since M = P . Moreover, MGp′ is again a ∗p-group since this
ﬁnite soluble groups 715
class is subgroup-closed. Arguing by induction on G, we could conclude
that MGp′ is a PSTp-group and consequently H permutes with Gp′ , as we
wanted to show.
We shall consider now the case Op′ G = 1. Take again a subnormal
p′-perfect subgroup H of G. If Gp′ is again a Hall p′-subgroup of G,
clearly 1 = Op′ G ≤ Gp′ . Note that HOp′ G/Op′ G is a subnormal
p′-perfect subgroup of G/Op′ G. Applying induction on G, we can say
thatG/Op′ G is a PSTp-group, and henceHOp′ G/Op′ G permutes with
Gp′/Op′ G. We conclude that H permutes with Gp′ , as desired.
Corollary 2. Let G be a group and p a prime number. The following
three conditions are equivalent:
(i) G is a PSTp-group.
(ii) G is a ∗p-group.
(iii) Every subgroup of G satisﬁes the property Hp.
A straightforward consequence of this corollary is the fact that the class
of PSTp-groups is subgroup-closed.
3. A LOCAL VISION OF BEIDLEMAN, BREWSTER, AND
ROBINSON’S THEOREM
In this section we shall study the property p introduced above for a
single prime, obtaining thus a local approach to the characterization of
PT -groups given by Beidleman et al. [3].
Theorem 7. Let G be a group, and let p be a prime. Then G satisﬁes,
the property p if and only if the following two conditions are satisﬁed:
(i) G is a ∗p-group.
(ii) The Sylow p-subgroups of G are modular.
Proof. First, we are going to prove that every soluble group satisfying
the conditions (i) and (ii) satisﬁes the property p as well.
Let G be a counterexample of minimal order. Clearly G does not satisfy
the property p, and thus we can choose a Sylow p-subgroup P of G and
a subgroup P0 of P such that P0 is not permutable in NGP.
Note that the class of groups satisfying the conditions (i), (ii) is
subgroup-closed. If NGP were a proper subgroup ofG, then NGP would
satisfy p, and hence P0 would be permutable in NNGPP = NGP, a
contradiction.
We can assume then that P is a normal subgroup of G. Using Theorem 5,
we can say that G satisﬁes the property Hp. Every normal subgroup of P
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is then pronormal in G as well as subnormal in G. Therefore every normal
subgroup of P is in fact a normal subgroup of G.
If P were abelian, then every subgroup of P would obviously be normal
in G.
Henceforward we can think of P as a non-abelian group. If for every
prime q ∈ πG − p and for every Sylow q-subgroup Q of G we had
that PQ were a proper subgroup of G, then PQ would satisfy property
p. Note that P is normal in PQ. Hence the elements of Q induce power
automorphisms in P . But this argument would work for every such q, and
therefore we could deduce that all p′-elements of G = NGP would induce
power automorphisms in P . Applying [3, Lemma 2], we would conclude that
G veriﬁes p, a contradiction.
Consequently it follows that G = PQ for some Sylow q-subgroup of G,
q = p.
We will be done if we see that every subgroup of P is permutable in G.
Write X ≤ P . We can assume that X < P . Let M be a maximal subgroup
of P such that X ≤ M . Clearly M is a normal subgroup of P , and hence
it is normal in G as well, by Corollary 2. Take the product T =MQ. Since
M = P , it is clear that T = G. Using induction, T satisﬁes the property p,
and consequently X is a permutable subgroup of T .
Through this argument, replacing Q with some of its conjugates if
necessary, we have that X permutes with every q-subgroup of G. But
since P is a modular group, it is also clear that X permutes with every
p-subgroup of G. We conclude the proof just by expressing any other
subgroup of G as a product of a p-subgroup and a q-subgroup to show
that X is permutable in G.
Let us prove now the converse statement, that is, that every soluble group
satisfying property p must satisfy (i) and (ii) as well.
In the ﬁrst place, it is clear that Sylow p-subgroups of G are modular if
G satisﬁes property p. To see this, note that every subgroup of a Sylow
p-subgroup P of G is permutable in NGP and hence also in P . Therefore,
P is a modular p-group.
In the second place, we are going to prove that every soluble group
satisfying p is p-supersoluble.
Assume that the last statement is not true, and let then G be a
non-p-supersoluble group satisfying p, chosen of minimal order. Clearly
the class of groups satisfying p is a homomorph, and therefore we can
say that G is on the boundary of p-supersoluble groups. Hence G is a
primitive group.
We write then G = NM , where N is a minimal normal subgroup of G
such that CGN = N and M is a maximal subgroup of G with N ∩M = 1.
We can say, in addition, that N is a q-elementary abelian group for some
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prime q. Note that G would be p-supersoluble if q = p, and hence we can
assume that q = p. We will be done if we see that N is a cyclic group.
Let us take P to be a Sylow p-subgroup of G; thus we have that N ≤ P .
We shall distinguish two possible situations, depending on whether P is
abelian or not.
If P is abelian, then of course P centralizes N and thus P = N .
In this case we have NGP = G. But G satisﬁes p, and so we
can say that every subgroup of N is permutable in G. In particular,
every subgroup of N permutes with M . The maximality of M implies,
then, that N has no proper nontrivial subgroups and hence that N is
a cyclic group of order p. We conclude that G is p-supersoluble, a
contradiction.
On the other hand, if P is not abelian, then of course N < P . Calling
Mp = M ∩ P , it is clear that P = NM ∩ P = NM ∩ P = NMp and it
follows that Mp is a Sylow p-subgroup of M .
We know that all elements of N have order p. What we are going to see
now is that all elements of Mp have also order p.
As we argued above, P must be a modular p-group. If there exists
x ∈ Mp such that ox ≥ p2, then it follows from [12, Lemma 2.4.7
(b)] that *
x 
x n ∀n ∈ N , where given a p-group T we denote
*T  = 
t ∈ T  tp = 1. But then we have that N ≤ NG*
x and thus
N*
x ≤ N ∩*
x ≤ N ∩M = 1. That implies *
x ≤ CGN =
N and therefore *
x ≤ N ∩M = 1, a contradiction. It follows that

x n ≤ *P ∀x ∈ Mp, ∀n ∈ N . In particular, P = NMp ≤ *P
and so P = *P. But Lemma 2.3.5 of [12] allows us to conﬁrm
that *P is a p-elementary abelian group, and then P is abelian, a
contradiction.
Finally, we are going to prove that the p-chief factors of a soluble group
G which satisﬁes p are isomorphic-regarded as modules for G.
If Op′ G = 1, the proof follows just by studying the factor group
G/Op′ G. Hence we can assume that Op′ G = 1. As we have already
proved that G is p-supersoluble, we can use Lemma 1 to obtain that G
has a unique Sylow p-subgroup P . What we are going to see is that every
subgroup of G satisﬁes the property Hp. Therefore, using Theorem 5, the
proof of our theorem will be complete.
Take a subgroup H of G and a Sylow p-subgroup Hp of H. Let H0 be a
normal subgroup of Hp. Clearly Hp must be contained in P and therefore,
since G satisﬁes p, H0 is a permutable subgroup of G. Hence H0 permutes
with every Sylow subgroup of H, and consequently every Sylow q-subgroup
of H, where q = p, normalizes H0. Since Hp normalizes H0 as well, it
follows that H0 is a normal subgroup of H, and therefore H satisﬁes the
property Hp, as we wanted to show.
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4. GLOBAL RESULTS
Theorem 8. A group G is a PST -group if and only if G is a PSTp-group
for every prime p.
Proof. Clearly every PST -group is a PSTp-group for every prime p.
In order to prove the converse statement, let G be a non-PST -group
which satisﬁes PSTp for every prime p. There exists a subnormal subgroup
H of G such that H does not permute with some Sylow subgroup of G.
Let us assume H to be chosen of minimal order.
It is not difﬁcult to see that H has exactly one maximal normal subgroup;
it there would exist two maximal normal subgroups H1 and H2 of H, then
the minimal choice of H would imply that both H1 and H2 would permute
with every Sylow subgroup of G. This is not possible since H = H1H2. Let
H0 be this unique maximal normal subgroup of H.
Clearly H  H0 = p for some prime p. Therefore Op′ H = H and H
is p′-perfect. Therefore H permutes with every Hall p′-subgroup Gp′ of G
since G satisﬁes the property PSTp.
Moreover, we can say by applying Theorem 6 that G is a ∗P -group.
If Op′ G = 1, we would have as a consequence of Lemma 1 that G
has a unique Sylow p-subgroup, P , say. Note that there must exist a
Hall p′-subgroup Gp′ of G such that HGp′ = G, since otherwise HGp′
would be a PST -group by induction (note that the class of PSTp-groups is
subgroup-closed). ThereforeH would permute with every Sylow r-subgroup
of G for r = p as well as with P , a contradiction. Consequently P must
be contained in H. Arguing again by induction on G, it is clear that
G/P is a PST -group, and therefore H permutes with TP for every Sylow
t-subgroup T of G, where t = p. Since P ≤ H, we can conclude in fact
that H permutes with every such T . But H permutes with P as well, and
thus we reach a contradiction.
Therefore we can assume that Op′ G = 1. Using a similar argument to
that used above, we can easily obtain that CoreGH is trivial.
Let then N be a minimal normal subgroup of G contained in Op′ G.
The quotient group G/N is a PST -group, by induction. Therefore it is clear
that HN permutes with every Sylow subgroup of G.
Moreover, there must exist a prime r and a Sylow r-subgroup R of G
such that HNR = G, since otherwise we could see by using induction
that H would permute with every Sylow subgroup of G. Note that the
index G  HN is a power of r. Since H is not a normal subgroup of G, it
is easy to see thatHN cannot be the whole group G. Clearly, then, for every
prime q = r and every Sylow q-subgroup Q of G, HNQ must be a proper
subgroup of G. Consequently H permutes with every Sylow q-subgroup of
G, for each q = r. We shall see next that r = p.
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If r = p, then H permutes with every Sylow p-subgroup of G. Since
HNR = G and N is a p′-group, clearly every Sylow subgroup of H is
a Sylow subgroup of G. Let P be a Sylow p-subgroup of H. For every
g ∈ G, we have that HPg ≤ G, and therefore Pg is in fact contained in H.
The normal closure PG is thus contained in H, but since CoreGH = 1,
necessarily P = 1. Then G is a p′-group, and consequently Op′ H = 1 and
thus H = 1, a contradiction.
The previous discussion allows us to state that r = p and thus we can
write G = HNP for any Sylow p-subgroup P of G. Let q be the prime
dividing N (note that q = p) and let Gpq′ be any Hall p q′-subgroup
of G. Clearly, HNGpq′ is a proper subgroup of G, since the index
G  HN is a power of p. We have then that H permutes with Gpq′ .
Since every Hall p q′-subgroup of H is again a Hall p q′-subgroup of
G, using an argument similar to that above we would conclude that H = 1
if we assumed that Gpq′ = 1. As a result of these facts, we have that G
is a p q-group.
Let us now consider the nilpotent group H/H , where H denotes the
nilpotent residual of H. The normality of its Sylow p-subgroup implies
that, given a Sylow p-subgroup Hp of H, we have that HpH is a normal
subgroup of H. Clearly, H/HpH is a q-group, and hence OqH ≤
HpH
 ≤ H. But OqH = Op′ H = H, and thus H = HpH .
On the other hand, we have that G is p-supersoluble, and therefore G′ is
a p-nilpotent group. Clearly H ′ and H are p-nilpotent as well. Let Hq be
a Sylow q-subgroup of H contained in H . Thus Hq is a normal subgroup
of H . Since Hq is a Sylow q-subgroup of H , it is not only normal but
also characteristic in H . Consequently Hq is a normal subgroup of H. It
follows that G = Op′pGP . Note ﬁnally that Hq is a subnormal subgroup
of G. The subgroup Op′pG can be seen as Op′pG = Op′ GB, where
B is a Sylow p-subgroup of Op′pG, and thus G = Op′ GP . That fact
forces Op′ G to be a Sylow q-subgroup of G, and hence G is a p-nilpotent
group. We will denote Op′ G as Q. We recall that N is any minimal normal
subgroup of G contained in Q. We have Q = HqN . The subnormality of
Hq in G implies that N normalizes Hq, and thus Hq is a normal subgroup
of Q.
We can assume that the Frattini subgroup Q of Q is trivial. Certainly,
if Q = 1, we could choose N to be contained in Q, and therefore
Q would be equal to Hq. We would have in such a case that Hq permutes
with P as well as Hp does, and hence the whole H would permute with P ,
a contradiction. Therefore Q is an abelian group.
We are now in a good position to complete the proof; we can write
G = QP , where Q can be seen as a completely reducible P-module, giving
the expression G = Q1 ⊕ Q2 ⊕ · · · ⊕ QrP . But since G is a PSTq-group,
it is also a ∗q-group and then the q-chief factors of G are G-isomorphic.
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We can conclude that P normalizes each subgroup of Q, and in particular
that P normalizes Hq. Therefore both Hp and Hq permute with P , a ﬁnal
contradiction.
Some known results appear as corollaries of the above ones. For instance,
Agrawal proved (see [1, Theorem 2.2]) that every soluble PST -group is
supersoluble and the arguments used by Robinson in [10] sufﬁce to prove
that all p-chief factors of every soluble PST -group G are isomorphic-
regarded as modules for G, for every prime p. Taking into account
Theorems 5 and 6, we obtain
Corollary 3. Let G be a group. The following statements are pairwise
equivalent:
(a) G is a PST -group.
(b) G is a PSTp-group for every prime p.
(c) G is supersoluble and all its p-chief factors are isomorphic-regarded
as G-modules for every prime p.
(d) Every subgroup of G satisﬁes the property Hp for every prime p.
Furthermore, the difference between PT -groups and PST -groups is quite
simply their Sylow structure. It is possible to obtain a successful approach
to PT -groups using the local tool we have been handling.
We start this approach with the following deﬁnition.
Deﬁnition. Let p be a prime number. A soluble group is said to be a
PTp-group if it is a PSTp-group and its Sylow p-subgroups are modular.
We have
Corollary 4. Let G be a group. The following two conditions are
equivalent:
(i) G is a PT -group.
(ii) G is a PTp-group for every prime p.
Proof. Clearly, every soluble PT -group is a PTp-group for every prime
p, since PT -groups are also PST -groups and the Sylow p-subgroups of a
PT -group are modular.
Conversely, given a prime p, note that every PSTp-group is a ∗p-group
from Theorem 6. Therefore, using Theorem 7, we obtain that PTp-groups
are exactly those groups which satisfy the property p. Consequently, the
result follows immediately from Theorem 4.
Corollary 5 [3]. Let G be a group. Then G is a PT -group if and only
if G is a PST -group and all its Sylow subgroups are modular.
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Proof. This is a straightforward consequence of Corollary 3 and
Corollary 4.
Something similar happens with the difference between T -groups and
PST -groups.
Corollary 6. Let G be a group. Then G is a T -group if and only if G is
a PST -group and all its Sylow subgroups are Dedekind groups.
Proof. This is a straightforward consequence of Corollary 3 and
Corollary 1.
Another consequence of Theorem 8 is the fact that the class of all
soluble PST -groups is subgroup-closed, since the local classes of soluble
PSTp-groups are all subgroup-closed for every prime p. This result has
already been obtained by Agrawal in [1] and by Asaad and Cso¨rgo¨ in [2].
As a ﬁnal comment, we must say that trying to obtain a local version
of PT -groups in a way similar to that provided in [4] does not lead to a
successful result. Given p a prime number, if we deﬁne a soluble group
G to be a p-group when every subnormal p′-perfect subgroup of G is
permutable in G, then it is not true that the class of soluble p-groups
coincides with the class of soluble groups which satisﬁes the property p,
that is, the class of soluble PSTp-groups with modular Sylow p-subgroups.
The following example illustrates this situation.
Example. Consider a p-group P with a unique minimal normal sub-
group and let P0 denote a subgroup of P with CorePP0 = 1 (note that by
[12, Theorem 2.3.1] we can choose P with a modular lattice of subgroups).
Applying [5, B, 11.7], there exists an irreducible and faithful P-module Q
over GFq, where q is a prime number, q = p, such that the trivial P0-
module W is a quotient of QP0 . Denote by G = QP the corresponding
semidirect product and consider the subgroup H = QP0P0 = 
PQ0  of
G. Then by [5, A, 12.5], QP0 = QP0 × CQP0, where 1 = W ≤ CQP0.
Moreover, QH/Q ≤ G/Q, a p-group, so QH is a subnormal subgroup of G.
Furthermore, Q ≤ NGH. Hence H is a normal subgroup of QH, which
is a subnormal subgroup of G. Therefore H is a subnormal subgroup of G.
On the other hand, Hq = QP0 is a normal Sylow q-subgroup of H and
it is a P0-submodule of H. Note that 
PH0  = 
P
Hq
0  = P0P0Hq.
Assume that P0Hq < Hq. Then a new application of [5, A, 12.5]
yields Hq = P0Hq × CHqP0 with 1 = CHqP0 ≤ CQP0 ∩Hq = 1, a
contradiction. Therefore we have that Hq = P0Hq. This implies that
Op
′ H = 
PH0  = 
P
Hq
0  = H, that is, that H is a subnormal p′-perfect
subgroup of G.
It is also clear that G is a p-supersoluble group and the p-chief factors
are central in G. However, H does not permute with P . Otherwise HqP
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will be a p-nilpotent subgroup of G, that is, HqHqP , a contradiction to
the fact that Q is an irreducible P-module and Hq < Q.
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